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Abstract. The reference systems defined by the SAO and Hip-
parcos catalogues are compared using vector spherical harmonic
analysis. The differences between astrometric data in both cat-
alogues have been grouped into different data sets and separate
harmonic analysis performed on them. The Fourier coefficients
yield estimates of systematic errors in SAO catalogue.
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1. Introduction
The Smithsonian Astrophysical Observatory Star Catalogue
(SAO) has been largely used as the reference catalogue in the
reduction of astrometric plates in the past. These plates con-
tain relevant information on comet and asteroid positions and
motions.
The International Celestial Reference System (ICRS) is
nowadays the conventional IAU Celestial System, material-
ized primarily by the International Celestial Reference Frame
(ICRF). The optical realization of the ICRS is the Hipparcos
Star Catalogue. The IAU recommended to perform all neces-
sary ties between frames of different nature serving to various
purposes, and the present realizations of the ICRS.
We compared the coordinate and proper motion differences
between more than 100000 stars common to SAO and Hippar-
cos catalogues using vector spherical harmonic analysis. The
results reveal distortions in the sphere defined through the SAO
star positions, the most important effects being in declination,
associated to a large displacement field towards the South pole.
The coefficients of the series which represent the differences
provide the tool to transform positions reduced with the SAO
catalogue into the ICRS.
2. The International Celestial Reference System (ICRS)
The celestial reference system of the International Earth Rota-
tion Service (IERS, Arias et al. 1995) was adopted since Jan-
uary 1998 by the International Astronomical Union (IAU) as the
conventional celestial reference system under the name Inter-
national Celestial Reference System (ICRS). The ICRS follows
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the IAU recommendations (Bergeron 1992) on the definition of
the system. The origin of the system is at the barycentre of the
Solar System; the principal plane is close to the mean equator at
J2000.0. The shift of the Earth’s mean pole at J2000.0 relative
to the ICRS celestial pole is 18.0  0.1mas in the direction 12h
and 5.3  0.1mas in the direction 18h. As required by the IAU,
and for the sake of continuity with the previous conventional
system, the direction of the ICRS pole is consistent with that of
the FK5 system within the uncertainty of the latter; assuming
that the error in the precession rate is absorbed by the proper mo-
tions of stars, the uncertainty of the FK5 pole position relative to
the mean pole at J2000.0 is 50mas. The IAU recommended
that the origin of right ascensions of the new celestial reference
system be close to the dynamical equinox at J2000.0. The lo-
cation of the dynamical equinox in the ICRS was determined
within 10mas by Folkner et al. (Folkner et al. 1994); they
conclude that the x-axis of the ICRS is offset from the mean
equinox at epoch J2000.0 by 78  10mas.
3. The International Celestial Reference Frame (ICRF)
The ICRS is materialized by the precise coordinates of extra-
galactic radio sources observed with the technique of Very Long
Baseline Interferometry (VLBI). The previous realizations of
the conventional celestial reference system assumed that the
coordinates of the objects were conventional, i.e., their numeri-
cal values remained fixed for some time. This is the philosophy
adopted in the series of FK catalogues; when a new catalogue
was released, the reference system implied in it changed its ori-
entation relative to the previous one. In the case of the ICRS, the
axes of the system are considered conventionally fixed to those
of the initial realization; source coordinates are susceptible to
change if justified by their improvement. As the system should
not change with the different realizations, a process of mainte-
nance is applied. The ICRS maintenance implies a permanent
monitoring of sources in ICRS to study their positional stability,
the improvement of the models adopted and the control of the
invariability of the directions of its axes.
The first realization of the ICRF (Ma et al. 1997, 1998) is
based on radio positions obtained in a general solution for all
dual frequency Mark III VLBI data available through the middle
of 1995. The quasi-inertial reference system is defined by the
mean J2000.0 coordinates of 212 high-astrometric-quality radio
sources; their positional accuracy is better than about 1 mas both
1196 E.F. Arias et al.: A comparison of the SAO-Hipparcos reference frames
in right ascension and declination. Additional 396 objects that
either need further observation to conclude about their quality,
or being unsuitable to define an accurate reference frame, serve
to link ICRF to other frames. The maintenance of the axes is
assured by the 212 defining sources of the frame.
4. Accessibility of ICRS
The direct access to the extragalactic objects is most precise
through VLBI observations; most sources are too faint to be
successfully observed with optical instruments. Therefore, the
ICRS is not widely available to all users, except if it is tied to
other major reference frames. The IAU decided that the Hip-
parcos stellar reference frame be the realization of the ICRS
in optical wavelengths (Kovalevsky et al. 1997). Furthermore,
the IAU has decided that the International Earth Rotation Ser-
vice and the IAU Working Group on reference frames, should
assure the ties between ICRF and reference frames at others
wavelengths (Andersen 1999).
5. The Hipparcos Catalogue
As a result of the Hipparcos mission two astrometric catalogues
were produced, the Hipparcos Catalogue, containing about
120000 stars, and the Tycho Catalogue with more than one mil-
lion stars. The stellar coordinates were obtained from observa-
tions conducted by the satellite in the period 1989.85–1993.21;
the epoch of Hipparcos catalogue is J1991.25. The stellar Hip-
parcos coordinates represent the International Celestial Refer-
ence System (ICRS) within 0.6mas for the three axes; the
residual rotations of the Hipparcos frame with respect to the
ICRF are at level of 0.25mas/yr also for the three axes (ESA
1997). The IAU adopted Hipparcos Stellar Catalogue as the re-
alization of the ICRS in optical wavelengths.
The basic astrometric data in Hipparcos Catalogue in-
cludes positions, proper motions and trigonometric parallaxes
of 118218 stars. For visual magnitudes up to 9 the median astro-
metric precision for single stars at the epoch of the catalogue is
0.77 mas for the right ascensions and 0.64 mas for the declina-
tions, 0.88 and 0.74 mas/yr for the proper motions in right ascen-
sion and declination respectively. The density of the catalogue
is of three stars per square degree with a limiting magnitude of
12.4.
It is to be noted that Hipparcos Catalogue (1997) has not
been tied to the FK5 system, but only to the ICRS. Considering
that this latter is coincident with the FK5 within its uncertainties
(Arias et al. 1995), Hipparcos frame can be regarded as repre-
senting the J2000 (FK5) system but without its regional errors
(Mignard & Froeschle´ 2000).
6. The SAO Catalogue
The Smithsonian Astrophysical Observatory Star Catalogue
(SAO 1966) results from the combination of several earlier cat-
alogs: the FK4, FK3, GC, AGK2, AGK1, Greenwich AC, Yale,
Cape, Cape Zone, Me3 and Me4. The new compilation gives
positions and proper motion for 258997 stars, having an average
distribution of 6 stars per square degree. The star positions have
an average standard deviation of 0.200 at their original epochs
(0.500 at epoch 1963.5). The equinox is 1950.0 and the system
that of the FK4.
The 1984 version of the SAO contains the corrected and
extended cross identifications, all errata published up to January
1984. Clayton A. Smith of the U.S. Naval Observatory, provided
positions and proper motions at equinox and epoch J2000.0 and
on the system of the FK5. These data have been added to the
1990 version of the machine-readable SAO Catalog (Roman &
Warren 1990)
7. The basic data set
A set of 101352 stars with SAO reference and astrometric solu-
tion were selected from the Hipparcos catalogue (ESA 1997).
Position (α, δ) and proper motion parameters (µα cos δ, µδ)
were read, together with the corresponding error matrices.
The data was transformed from the Hipparcos epoch
(J1991.25) to J2000 and the corresponding error matrices were
computed assuming a linear motion model:
α2000.0 = α1991.25 + µα cos δ
(T − T0)
cos δ
(1)
σ2α cos δ2000.0 = σ
2
α cos δ1991.25 + σ
2
µα cos δ(T − T0)2
+ 2ρµα cos δα σα cos δσµα cos δ(T − T0) (2)
and similar equations for the declination components. In these
equations, T0 is the initial epoch, T the final epoch, σ and ρ the
standard deviations and correlation coefficients among position
and proper motion parameters. Data for the same star set was
read from the SAO catalogue (SAO 1966) and the error ma-
trices were computed for J2000 using a linear motion model.
Finally, the differences and the respective standard deviations
were computed for each of the astrometric parameters. Four
stars with gross differences in the position were eliminated, so
the final data set consisted in 101348 stars. Each entry in the
data set consisted in the following fields:
1. IN-HIPP: The identification number in the Hipparcos cat-
alogue.
2. IN-SAO: The identification number in the SAO catalogue.
3. α: Hipparcos Right ascension
4. δ: Hipparcos declination
5. α cos δ: SAO-HIPP differences in α cos δ [mas].
6. δ: SAO-HIPP differences in δ. [mas]
7. σα cos δ: Standard deviation of parameter 5. [mas]
8. σδ: Standard deviation of parameter 6. [mas]
9. µα cos δ: α component of proper motion [mas/yr].
10. µδ: δ component of proper motion [mas/yr].
11. µα cos δ  µα: SAO-HIPP differences in proper mo-
tion, α component [mas/yr].
12. µδ: SAO-HIPP differences in proper motion, δ component
[mas/yr].
E.F. Arias et al.: A comparison of the SAO-Hipparcos reference frames 1197
Fig. 1. Distribution of stars in the G1 group. The origin of the right
ascensions is at the center. The distribution of the other groups is similar
to this one
Table 1. Initial statistics of the data set. The units for the second column
is arcsec, for all the others, milliarcsec. hαi is an abbreviation for
hα cos δi, and the same for hµαi.
Gr. Position Proper motion
Id. RMS hαi hδi RMS hµαi hµδi
G1 1.82 -75.15 -79.77 22.49 -0.24 -0.91
G2 1.84 -101.29 -91.36 22.84 -0.57 -1.01
G3 1.92 -125.75 -67.73 23.72 -0.72 -0.80
G4 1.89 -92.16 -85.61 23.26 -0.39 -0.97
G5 1.84 -97.62 -105.27 22.58 -0.42 -1.31
G6 1.97 -96.21 -94.42 22.82 -0.33 -1.11
G7 1.90 -100.35 -85.52 22.59 -0.35 -0.91
G8 1.94 -106.82 -79.59 24.45 -0.62 -1.04
G9 1.86 -105.13 -92.77 22.79 -0.50 -1.06
G10 1.89 -81.93 -95.95 21.81 -0.31 -1.20
All 16.27 -101.28 -81.22 22.96 -0.44 -1.03
13. σµα cos δ  σµα : Standard deviation of parameter 11.
[mas/yr]
14. σµδ : Standard deviation of parameter 12. [mas/yr]
Due to the large number of items, the data was divided in 10
subsets, covering the full sky. Each subset was formed taking
the stars whose index end in the digits 0–9, i.e. the first subset
contains all stars whose numbers end by 0, the second subset
contains all stars whose numbers end by 1, and so on. Table 1
shows the initial statistics for full data set and the 10 subsets.
Fig. 1 shows the covering of the sky by the G1 group of stars. The
difference position errors histogram is shown in Fig. 2. They are
obviously dominated by the SAO catalogue errors.
8. The adjusted model
The differences in the data set (position and proper motion)
generate two vector fields on the sphere. Fig. 3 shows the field
of position differences, averaged on a suitable grid.
The analysis of vector fields on a sphere is better done using
vector spherical harmonics (Mignard & Morando 1990). Let
Fig. 2. Histogram of absolute values of errors in difference of position
SAO-Hipparcos
(θ, φ) be the spherical angular coordinates, Ylm(θ, φ) the usual
spherical harmonics and eθ, eφ the unit vectors in the θ and φ
directions on the sphere. Then, two families of vector functions
are defined through the equations:
Tlm(θ, φ) =
1p
l(l + 1)

−∂Ylm
∂θ
eφ +
1
sin θ
∂Ylm
∂φ
eθ

(3)
Slm(θ, φ) =
1p
l(l + 1)

∂Ylm
∂θ
eθ +
1
sin θ
∂Ylm
∂φ
eφ

(4)
called toroidal and spheroidal vector harmonics. They form to-
gether a complete basis for vector functions on the sphere. They
obey the symmetry properties:
Tl,−m = (−1)mTlm (5)
Sl,−m = (−1)mSlm (6)
and the orthogonality relations:Z
Tlm Tl′m′dΩ = δll′δmm′ (7)
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Slm  Sl′m′dΩ = δll′δmm′ (8)
Tlm  Slm = 0 (9)
Besides, T is a solenoidal and S an irrotational field:
r T = 0 (10)
r  S = 0 (11)
Any square summable fieldV = Vθeθ+Vφeφ on the sphere
can be expanded in a Fourier series:
V(θ, φ) =
X
l
m=lX
m=−l
[tlmTlm(θ, φ) + slmSlm(θ, φ)] (12)
whose complex Fourier coefficients are:
tlm =
Z
Tlm VdΩ (13)
slm =
Z
Slm VdΩ (14)
Our model assumes a finite Fourier expansion of real spher-
ical vector fields. The reality conditions, together with the con-
jugation symmetry (5 y 6) imply that our model series has the
form:
V =
lmaxX
l=1

t<l0T
<
l0 + s
<
l0S
<
l0
+ 2
lX
m=1
(
t<lmT
<
lm − t=lmT=lm + s<lmS<lm − s=lmS=lm
#
(15)
where the superscripts <,= denote the real and imaginary part
of the function. The number of coefficients in the expansion is
Nc = 2l(l + 2).
One of the nice properties of the vector harmonics expansion
is that global effects between two catalogues are neatly packed
in the l = 1 harmonics. Indeed, let A be an infinitesimal ro-
tation of the reference system. Then, it can be shown that the
Cartesian components of the rotation vector are related to the
l = 1 coefficients in the form:
A1 = −
r
3
4pi
t<11, A2 =
r
3
4pi
t=11, A3 =
r
3
8pi
t<10 (16)
hereafter rotation parameters.
A global glide between the reference systems is defined
through and irrotational vector G, whose components are re-
lated to the s coefficients:
G1 = −
r
3
4pi
s<11, G2 =
r
3
4pi
s=11, G3 =
r
3
8pi
s<10 (17)
hereafter glide parameters. This is important, since the main
differences between both reference frames are global transfor-
mations.
Fig. 3. SAO-Hipparcos position difference field, averaged on a 12◦ 
12◦ grid
9. The adjustment
The set of coefficients (tlm, slm) that define the model were
found through least squares adjustment (Arley 1950, Bevington
1968). Each of the ND data points provides us with two equa-
tions of condition; namely, the α and δ components of the spher-
ical vector equation (15). The design matrix can be constructed
straightforwardly, although its huge size ( 10000  2950 
100Mb for l = 35 and simple precision) made necessary a care-
ful programming of the least squares routine.
The existence of large systematic errors in the SAO cata-
logue for polar stars suggested the introduction of a weighting
scheme. For each difference in each observation i an effective
standard deviation was introduced in the form:
σ2(i) = σ
2
(SAO)(i) + σ
2
(Hipp)(i) (18)
and the weight factors were introduced as:
p(i) =
σ2
σ2(i)
(19)
where the normalization factor σ2 is:
1
σ2
=
1
ND
NDX
i=1
1
σ2(i)
(20)
To simplify the construction of the weighted normal equa-
tions, each of the conditional equations was multiplied by the
square root of the effective weight (19).
Another important parameter to adjust is the maximum de-
gree of the Fourier series lmax. This was done by a simple ex-
amination of the RMS of the adjustment:
RMS2 =
1
ν
PND
i=1
(O−Ci)2
σ2(i)
1
N
PND
i=1
1
σ2(i)
(21)
which is related to the χ2 statistic through the equation:
χ2 = ν
RMS2
σ2
(22)
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Fig. 4. Coefficients of the series representation of the positional differ-
ences, averaged over 10 groups for the final adjustment with lmax =
20. The ordering indicates the position of the coefficients into the least
squares equations, the first 440 represent the toroidals and the follow-
ings the spheroidals ones
and to the Birge ratio
RB =
r
χ2
ν
(23)
used in the least squares process as a scale factor of the uncer-
tainties (Cohen & Taylor 1987).
For each of the groups of stars, several least squares adjust-
ments were carried out varying the degree of the Fourier series
lmax from 1 to 20. It is found that the RMS stabilizes around
RMS  500 mas for lmax = 20 in the case of positional pa-
rameters. On the other hand, lmax = 10 was enough to find
stable values of the proper motion parameters.
As a final process, outliers were eliminated using the r-
statistic of Arley (1950). These were defined as stars with re-
duced residuals (as defined in reference Arley (1950)) with r >
3. Several fits were carried with this process with lmax = 10, 20
and 35, eliminating as many outliers as found. The number of
remaining stars in each group, as well as the final RMS and
Birge ratio R2B are shown in Table 2.
10. Results and conclusions
Table 3 shows our results for the rotation parameters for sev-
eral selected values of lmax, averaged over the ten groups. The
stated 1σ errors reflect the dispersion between the different star
groups. The corresponding results for the glide parameters are
shown in Table 4. Table 5 shows the corresponding adjusted
parameters for the proper motions. These latter parameters are
much better behaved and an adjustment with lmax = 10 with-
out outliers elimination was enough to represent the differences.
Fig. 4 shows the coefficients of the adjusted series, averaged on
the ten star groups. These are the main results of our analysis.
Table 2. Final statistics of the adjustment. The columns show the num-
ber of retained stars NS , the RMS of the adjustment and the squared
Birge ratio RB . For the l = 35 adjustment, the stars were eliminated
with a previous l = 10 adjustment
Group l = 20 l = 35
NS RMS R2B NS RMS R
2
B
G1 9482 494.6 2.71 9483 537.6 2.65
G2 9471 518.4 2.66 9478 596.2 2.64
G3 9441 511.4 2.70 9447 553.2 2.66
G4 9462 510.6 2.66 9479 500.0 2.64
G5 9471 512.5 2.60 9486 492.8 2.56
G6 9404 564.6 2.62 9429 576.4 2.61
G7 9470 551.8 2.60 9480 535.8 2.56
G8 9443 536.8 2.67 9450 548.6 2.62
G9 9472 530.4 2.72 9489 491.3 2.69
G10 9477 485.0 2.63 9427 552.4 2.53
Table 3. Rotation parameters for several lmax. MP are the values ob-
tained with the soft used for check ours results
Adj A1 σ A2 σ A3 σ
l5− 20 -14.31.7 -21.31.8 -33.33.0
l10 -16.66.0 -30.75.4 -17.53.0
l20 -19.75.1 -39.46.0 -34.03.5
l35 -23.75.4 -41.25.0 -40.44.5
MP -37.05.7 -55.55.7 -59.05.7
Table 4. Glide parameters for severals lmax and for MP
Adj G1 σ G2 σ G3 σ
l5− 20 39.31.7 -5.5 1.2 -70.41.3
l10 40.55.6 -9.4 5.2 -71.33.5
l20 48.27.2 -7.7 5.4 -71.53.8
l35 54.54.7 -11.14.8 -70.64.5
MP 66.48.3 -22.17.0 -87.65.7
Table 5. Rotation and glide parameters for the proper motion difference
field
Adj A1 σ A2 σ A3 σ
l4− 10 0.04 0.03 0.610.04 0.62 0.05
Adj G1 σ G2 σ G3 σ
l4− 10 -0.010.03 0.130.03 -0.770.04
Our analysis of the statistical properties of the series shows
that lmax = 20 and lmax = 10 are enough to represent correctly
the difference fields for position and proper motions. As a check,
we compared the results with a vectorial analysis program by F.
Mignard (Mignard 1999), named MP for us, which gives results
similar to ours, with differences of about 10%. These differences
are due to the different weighting schemes. The differences in
proper motion are much smaller and do not show the presence
of outliers.
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Our results reveal the existence of several large distortions
in the SAO reference system positions, evidenced by large
Fourier coefficients of large order. The most important effects
are in declination, associated with a large displacement field
towards the South Pole (Fig. 3). Taking into account that the
HIPPARCOS reference frame, being a materialization of the
ICRS, is essentially free of these distortions, these zonal effects
are due to the SAO catalogue errors. The present series may
correct the main systematic effects.
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